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Abstract
The Black-Litterman model has been put forward as a methodology for overcoming some issues of classical portfolio optimization. We propose BLOpt, a Python
open-source library which implements the main portfolio optimization methods,
including Black-Litterman. Short-selling, transactions costs, and portfolio rebalancing have been considered as well. Computational results on the components of
the Dow Jones Industrial Average are provided to show how the library works. In
addition, black-box optimization is employed to derive a good vector of investor
views for the Black-Litterman model. This allows checking, in a backtesting simulation, if those views would have been compatible with the relevant global macro
indicators.
Keywords: Black-Litterman, black-box optimization, portfolio optimization.
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1

Introduction

Modern Portfolio Theory is a mathematical framework for generating an optimal
portfolio of assets according to some investing goal. Traditionally, the classical
Markowitz portfolio optimization model is used to combine two objectives [8]:
• maximization of expected returns
• minimization of risk.
However, the Markowitz model has some drawbacks. First, it requires expected
returns and covariance to be specified for each asset of interest. Since they are
based on historical data, they may not be reliable to predict future performance.
Second, it can lead to portfolios with extreme and unintuitive weights, which are
not so appealing to investors and fund managers. In order to overcome these
issues, the Black-Litterman model has been proposed in [3, 4].
The Black-Litterman model is a methodology that takes into account the subjective views of the investor regarding performance of one or more assets, thus
providing an updated vector of expected returns that are more likely to provide
portfolios in line with the investor’s expectations.
This paper is organized as follows. In Section 2 the Modern Portfolio Theory
and the Black-Litterman model are introduced. Those methods have been implemented in an open-source Python library described in Section 3. After that, some
test cases to show how the library can be used are presented in Section 4. Finally,
conclusions are reported in Section 5.

2

Background

In this section we introduce the basic methods of the Modern Portfolio Theory
and the Black-Litterman formula that are implemented in the Python library.
As notation, vectors and matrices are in bold, xi represents the i-th element of
the vector x, Σi,j is the element in the i-th row and j-th column of matrix Σ, and
1

xT is the transpose of the vector x (similar notation holds for the transpose of a
matrix). If Ri is a random variable, µi = E[Ri ] represents its expected value.

2.1

Modern Portfolio Theory

Modern Portfolio Theory provides a framework to define how risk-averse investors can construct portfolios that maximize their expected return based on a
given level of market risk. Conversely, given a desired level of expected return,
an investor can construct a portfolio with the smallest possible risk. The latter
portfolio, also known as the Global Minimum-Variance Portfolio (GMVP), can
be found by solving the following quadratic optimization problem:
XX
min
xi Σi,j xj
(1)
i∈N j∈N

s.t.

X

xi = 1

(2)

i∈N

∀i ∈ N

xi ∈ [0, 1],

(3)

where x ∈ [0, 1]N is the vector of assets allocation and Σ ∈ RN ×N is the
covariance matrix. Notice that objective function (1) is the portfolio variance
σp2 = xT Σx and Constraint (2) imposes that 100% of the portfolio is allocated. If
short-selling is allowed, Constraint (3) can be discarded.
Indeed, the optimal solution of the GMVP problem can be derived analytically.
However, additional constraints may be added to the basic model so our methodology is based on deriving a formulation that can be solved with a Mixed-Integer
Linear Programming (MILP) solver like CPLEX [6]. For example, let E[Ri ] be
the expected return of asset i ∈ N . It is possible to impose a target expected return
µp for the portfolio in the GMVP problem by adding the following constraint:
X
µp =
Ri xi .
(4)
i∈N

This will identify a new portfolio in the efficient frontier. A graphical representation of the efficient frontier without risk-free asset, sometimes called Markowitz’s
bullet, and GMVP is depicted in Figure 1. Notice that the portfolios in the efficient
frontier are those with an expected return larger than or equal to that of GMVP.
2

Figure 1: Efficient frontier (no risk-free asset) and global minimum variance portfolio.
Interestingly, the Mutual Funds Theorem states that any portfolio in the efficient
frontier can be derived as a linear combination of any two distinct portfolios in the
efficient frontier [9].
When a risk-free asset is available, i.e., an asset with expected return rf and
volatility equal to 0, thanks to the Mutual Fund Theorem [9] the efficient frontier
is the line (called Capital Allocation Line - CAL) that can be computed by connecting the risk-free asset with the tangency portfolio, the latter being the tangent
point in the Markowitz’s bullet. This holds if rf is smaller that the expected return
of the GMV portfolio µGM V . A graphical representation of the CAL is provided
in Figure 2. Let E[Rt ] the expected return of the tangency portfolio, and σt its
standard deviation. The efficient frontier can be defined using the equation of the
CAL:
µp = rf + σp

E[Rt ] − rf
,
σt

(5)

where the pair (σp , µp ) identifies the portfolios in the efficient line.
It can be shown that the tangency portfolio is the one maximizing the Sharpe
ratio, hence it can be found by solving the following nonlinear optimization prob3

Figure 2: Efficient frontier with risk-free asset and tangency portfolio.
lem:
max
s.t.

µt − rf
σ
Xt
xi = 1

(6)
(7)

i∈N

µt =

X

R i xi

(8)

i∈N

σt =

sX X

xi Σi,j xj

(9)

i∈N j∈N

∀i ∈ N

xi ∈ [0, 1],

(10)

where the objective function (6) is the Sharpe ratio of the portfolio. Notice that this
problem is nonlinear and nonconvex, so the MILP solver CPLEX cannot be used.
Instead, global nonlinear solvers like SCIP [1], BARON [10, 11] or Couenne [2]
should be used.
It is interesting to notice the relationship between the equation of the CAL
(5) and the Capital Asset Pricing Model (CAPM) used to determine the expected
return for an asset:
E[Ri ] = rf + βi (E[Rm ] − rf ),
4

(11)

where βi is a measure of the reaction of the asset to a movement in the overall
market, and E[Rm ] is the expected return of the market. It can be seen that in
Equation (11) the market plays the role of the tangency portfolio in Equation (5).
Hence, βi can be interpreted as the standard deviation of asset i over the standard
deviation of the market.

2.2

Black-Litterman model

Often a fund manager or investor has got some ideas concerning the future performance of the assets composing the portfolio. Those can be absolute values of
future returns, or relative excess return of a set of assets compared to other assets.
Unfortunately, it is not easy to express these view using the classical portfolio
optimization methods presented in the previous section.
Black and Litterman [3, 4] proposed a way to overcome this issue by providing a formula that takes into account the investor views and can then produce an
updated vector of expected returns. Starting from a vector of (prior) implied equilibrium returns Π, the Black-Litterman formula derives the vector of (posterior)
expected returns E[R] as follows:

−1 

E[R] = (τ Σ)−1 + P T Ω−1 P
(τ Σ)−1 Π + P T Ω−1 Q ,
(12)
where τ is a scalar, P ∈ RK×N is a matrix that identifies the K absolute and/or
relative views of the investor, Ω ∈ RK×K is a diagonal matrix expressing the
uncertainties in each view, Q ∈ RK is the vectors of views, and Σ ∈ RN ×N
is the covariance matrix of excess returns. A short description of these terms is
presented in Section 2.2.1.
The Black-Litterman Formula (12) is basically a combination of the implied
equilibrium returns and the investor views, where the latter can be defined partially
and not for each asset combination. After the updated vector of returns E[R] has
been computed, it can be used in some classical portfolio optimization framework
to obtain an asset allocation more aligned with the investor views.
2.2.1 Elements of the Black-Litterman model
The elements needed to compute the updated vector of expected returns, according to the Black-Litterman Equation (12), are described in the following.
5

• Π: this represents the implied equilibrium return vector, and it can be computed using the CAPM formula (11) where the benchmark is the marketcapitalization weighted portfolio.
• Q ∈ RK : each element of this vector reflects one of the views of the investor
on one or some assets, and these views can be absolute or relative. For
example, if the first view is that asset i will have an absolute excess return
of 4.5%, then q1 = 4.5. At the same time, if the second view is that asset
i will outperform asset j by 0.5%, then q2 = 0.5. The link between these
values and the corresponding assets is established by matrix P . Each view
qi is associated with a random error with mean 0 and variance ωi . The latter
value is included in the matrix Ω.
• P ∈ RK×N : each element pi,j of the matrix P identifies the assets involved
in the investor views. More precisely, when the investor expresses the absolute view i on the asset j, then pi,j = 1 and all the other elements in the row
i of matrix P are set to 0. On the other hand, when the investor expresses a
relative view i involving a set of assets J, then pi,j , ∀j ∈ J receive weights
that are positive for outperforming assets and negative for underperforming
assets, while the other elements of row j are set to 0 and the sum of the
elements of row j is 0. In this case, the weights can be assigned using an
equally weighting scheme (i.e., the weights assigned to the outperforming
and underperforming assets are set to 1 over the number of outperforming
assets and 1 over the number of underperforming assets, respectively) or
they can be weighted using the market capitalization of the assets, as suggested in [7].
• Ω ∈ RK×K : this is a diagonal matrix, where each element of the diagonal
ωi represents the variance of the error associated with the view qi . If the
confidence of view i is 100%, then ωi should be 0. According to [7], the
easiest way to calibrate the Black-Litterman model, which we follow in this
work, is to define ωi = (pi ΣpTi )τ , where pi is the i−th row of matrix P
and Σ is the covariance matrix of excess returns. This way, the uncertainty
6

on the view qi is defined by the variance of the corresponding individual
view portfolio ωi = (pi ΣpTi ), and the value of the parameter τ becomes
irrelevant, since it will change the entries of the matrix Ω but not the output
of the Black-Litterman equation E[R].

2.3

Toy example

TO BE DONE - ADD SMALL EXAMPLE TO BETTER ILLUSTRATE THE
ELEMENTS OF THE BL EQUATION
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3

Implementation

We have implemented a Python library that provides the methods needed to
derive an optimal portfolio using the Black-Litterman equation. This library exploit efficient data manipulation and processing packages like numpy and pandas,
as well as the optimization library Pyomo [5], which allows define and solve (by
exploiting state-of-the-art solvers) optimization problems in Python.
The functions implemented are the following:
• downloading data (e.g., adjusted close price, market cap.) given a list of
tickers and a time frame
• computation of the global minimum variance portfolio given a list of assets
• computation of the tangency portfolio
• computation of the new vector of expected returns according to the BlackLitterman formula
• computation of the new optimal portfolio using the Black-Litterman expected returns.
- TO BE COMPLETED

4

Results
TO BE DONE

5

Conclusion
TO BE DONE
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